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Abstract 

The new first order, rheonomic, K-supersymmctric formalism recently introduced by us for 
the world-volume action of the D3 brane is extended to the case of D5 branes. This extension 
requires the dual formulation of the Free Differential Algebra of type IIB supergravity in terms 
of 6-form gauge potentials which was so far missing and is given here. Furthermore relying on 
our new approach we are able to write the D5 world volume action in a manifestly SL(2,]R) 
covariant form. This is important in order to solve the outstanding problem of finding the 
appropriate boundary actions of DS-branes on smooth ALE manifolds with twisted fields. The 
application of our results to this problem is however postponed to a subsequent publication. 
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1 Introduction 



In a recent paper , the present authors introduced a new first order formalism that is able of 
generating second order world volume actions of the Born-Infeld type for p-branes. This construc- 
tion allows for a description within the standard framework of rheonomy of those K-supersymmetric 
boundary actions that function as sources for supergravity p-solutions in the bulk. Furthermore in 
this approach the SL(2,R) duality symmetry can be manifest at all levels. These features are very 
much valuable and quite essential in order to discuss various questions relative to the microscopic 
interpretation of classical p-solutions like the D3-brane with flux on smooth ALE manifolds j2] and 
other issues in the general quest of the gauge/gravity correspondence. The new formulation which, 
in our opinion, is particularly compact and elegant is based on the introduction of an additional 
auxiliary field, besides the world volume vielbein, and on the enlargement of the local symmetry 
from the Lorentz group to the general linear group: 



Within this new formalism in we constructed the first order version of the K-super symmetric 
action for a DS-brane. This choice was not random rather it was rooted in the main motivations 
to undertake such a new construction. Indeed we needed a suitable formulation of the Z)3-brane 
action holding true on a generic background in order to apply it to the aforementioned D3-brane 
bulk solution with flux [2] or to more complicated ones. However, as for the the solution in Pj, the 
task was not exhausted once we had the DS-brane action. Indeed this latter accounts only for the 
source of the Ramond-Ramond 74W-form with self dual field strength but not for the source of the 
doublet {i?[^],C[^]} of 2-forms whose flux is trapped on the homology 2-cycles of the transverse 
ALE manifold. The source of such fields can only be accounted for by the presence of 5-branes 
whose world-volume sweeps both the world volume of the DS-brane and the ALE 2-cycles. Hence 
we need to extend our first order formalism also to 5-branes and this is what we do in the present 
paper. 

It was noted already in [3112113 that the a D5 brane wrapped on a 2-cycle of the ALE manifold 
cannot be the direct source of the smooth, fractional brane like solution of 2 . The reason is 
simple. In the solution of the dilaton field is constant and therefore there is no source for its 
field equation. On the other hand the L'S-brane couples to the dilaton and contributes such a 
source. It is only in the orbifold limit that such a coupling vanishes together with the vanishing of 
the homology cycle trapping the fiux of the 2-forms. In order to reproduce the correct boundary 
action for the smooth supersymmetric boundary solution of 2^ we need a 5-brane that has vanishing 
coupling to the dilaton field. As we are going to show in a next coming publication jSj such a brane 
exists and it is a mixture of Z)5-branes on which closed fundamental strings can annihilate and 
of Z)5'— branes where such annihilation occurs for closed D-strings. To describe the world-volume 
action of such an object we need an explicitly SL(2, IR)-covariant formulation of the 5 brane that 
depends on two vectors and pA that transform in the fundamental representation of SL(2,R). 
In this paper using the first order rheonomic formalism of and relying on a dual formulation of 
type IIB supergravity we construct the required SL(2,M) covariant 5-brane action. 

2 Type IIB supergravity with dual 6— form potentials 

In the appendix B of 1 1^ we gave a short but comprehensive summary of type IIB supergravity in 
the rheonomic approach. This summary was entirely based on the original papers by Castellani 




(1.1) 
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and Pesando [HI but it also contained some new useful results, in particular the transcription 
of the curvatures from the complex SU(1,1) basis to the real SL(2,M) basis and a comparison 
of the supergravity field equations as written in the rheonomy approach and as written in string 
text-books like Polchinsky's 11,. 

In order to deal with 5-branes we need to include also the 7~form field strengths that are 
dual to the 3-form field strengths originally used in |S1 [7j and summarized in ^ . This amounts to 
extending the original Free Differential Algebra of type TIB supergravity with the 6-form generators 
that are associated with the new cohomology classes of such an algebra. This is the exact analogue 
of the procedure which leads to the extended Free Differential Algebra of M-theory jSj containing 
both the 3-form (source of M2-branes) and the 6-form (source of the M5-branes). This latter 
arises by including the new generator associated with the cohomology 7-cocycle of the original 
Free Differential Algebra of M-theory in its 3-form formulation [S] . 

In our case the new complete form of the curvatures is the following one: 



^« = VV--iip AF^ (2.1) 

p = = - A r„bV - fiQ A V (2.2) 

= V2 + 2«A° -0 A r^V* AV^ + 2iA^V'* A PaV A (2.3) 

+ I e^fs V2Af^^ A (a^V^P.V* + A^V^'^PaV) A (2.4) 

VX = dA - ^w^PafeA - if QA (2.5) 

VAl = dAl=fiQAl. (2.6) 

/Tj-y] — aojg] -|- ^/^ i 05^02030405 r — i 0102030405 (/^ I' 

+^Vira,.203 ^^"^"^"^^42] 

+40^/2d^f2]C'[4] (2.7) 



the novelty being the expression of the 'Hp,^ curvature. Its definition is a direct consequence of the 
following Fierz identities: 

v; p" V* ■0 r" = 
p^V'V'T^v = 

V'roi02030405 V'* V'T"! = -4V'P[a20304 V'V'7o5] V'* 

V'* ra,a2a3a4a5 V'^'T"! = 4 ^ Pfo^^go^ V"* 705] (2-8) 

From eq.s ()2.7() and (|2.4() one obtains the supersymmetry transformation rules of the background 
fields relevant in establishing the /t-supersymmetry transformation rules against which the 5-brane 
action is invariant. 

3 Establishing the /t-supersymmetric action of the 5— brane 

Next, following the general scheme outlined in ^ we apply the new first order formalism to the 
case d = 6 in order to derive the K-supersymmetric action of a 5-brane. As extensively discussed 
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in the K-supersymmetry transformations just follow, via a suitable projection, from the bulk 
supersymmetries as derived from supergravity, type IIB theory, in this case. The latter has a duality 
symmetry with respect to an SL(2,M) group of transformations that acts non linearly on the two 
scalars of massless spectrum, the dilaton </> and the Ramond scalar Cq. Indeed these two parametrize 
the coset manifold SL(2,M)/0(2) and actually correspond to its solvable parametrization. Because 
of the special relevance of this issue in the context of our problem, we recall below such a solvable 
parametrization. This also helps to fix the notations. 
SL(2, R) Lie algebra 

[Lo,L±] = ±L± ; [L+,L„] = 2Lo (3.1) 
with explicit 2-dimensional representation: 



^+ = „ „ ; ^- = L „ ; (3-2) 






Coset representative of SL(2,M)/0(2) in the solvable parametrization 

L((^,qo]) =exp[(/7Lo] exp [qo]e'^^-] = ( ''^^^''1^/2 ] (3-3) 

V qojeW^ exp[-(/7/2] / 

where ip{x) and qg] are respectively identified with the dilaton and with the Ramond-Ramond 
0-form of the superstring massless spectrum. The isomorphism of SL(2,M) with SU(1, 1) is realized 
by conjugation with the Cayley matrix: 

- 1 ; ) 

Introducing the SU(1, 1) coset representative 

SU(1,1) B A = ChC-^ (3.5) 

from the left invariant 1-form A^^ dA we can extract the 1-forms corresponding to the scalar 
vielbein P and the U(l) connection Q 
The SU(1, 1)/U(1) vielbein and connection 




Explicitly 



A-UA = \ ^ (3.6) 
\ P^ iQ J 

P = \ {dip — ie'-f dC]fl^ scalar vielbein 

1 l"^' ' j 

Q = 2 6xp [(/?] dqo] U(l)-connection 



As stressed in the introduction the 5-brane action we want to write, not only should be cast 
into first order formalism, but should also display manifest covariance with respect to SL(2,]R). 
This covariance relies on introducing two vectors with two components qa and Pa that transform 
in the fundamental representation of SU(1, 1) and expresse the charges carried by the Db brane 
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with respect to the 2-forms of bulk supergravity (both the Neveu Schwarz Sp] ^^(^ Ramond- 
Ramond C[2])- According to the geometrical formulation of type IIB supergravity summarized 
above we set: 



(3. 



= (5[2],q2]) ; A" = c"a^^ 

In terms of these objects we write down the complete action of the D5-brane as follows: 

C = pUfV^i^a^rj''^ A A . . . A e,,...,, + pai UfU^rja^h'^ e^^ A ... A e,,...^ 
+pa2 [det {h~^ + ^J'^)]" e^^ A ... A 6^*5 e^,...^ 

F A F A F + os^Jq A" A F A F + ae C[4] A F + 07 qaC^Q] (3.9) 

where : 

qaPpe"'^ = l (3.10) 

= ;^(9i,'?i)j Pa = -^(piiPi) (see appendix IB|) and where p = p{(j)) is a function of the dilaton 
to be determined, C[4] is the 4-form potential, and Cjgj are the dual potentials to the A^^^ forms. 
The coefficients 

a = - °^i"~i2 "^"~3 "^"4 ^ ^ ^ 

where already determined in paper jTj. The coefficients 05, ag; are new and they must be fixed by 
to be K~-supersymmetry. The first two are numerical, while v is also a function of the bulk scalars 
to be determined through K-supersymmetry. 
In the action 1)3. 9|) 

fP] = F[G] + (3.12) 

is the field strength of the world-volume gauge field and depends on the charge vector q^. The 
physical interpretation of F^^l is as follows. By definition a Dp-brane is a locus in space-time 
where open strings can end or, in the dual picture, boundaries for closed string world-volumes can 
be located. The type IIB theory contains two kind of strings, the fundamental strings and the 
F'-strings which are rotated one into the other by the SL(2,Z) C SL(2,M) group. Correspondingly 
a D5 brane can be a boundary either for fundamental or for F'-strings or for a mixture of the 
two. The charge vectors and pa just express this fact. Furthermore the definition ()3.12|) of F^-^^ 
encodes the following idea: the world-volume gauge 1-form A^^'^ is just the parameter of a gauge 
transformation for the 2-form q^A'^, which in a space-time with boundaries can be reabsorbed 
everywhere except on the boundary itself. Note that if we take '/o = "^(^ 1 1) and = -^(1 , — 1) 
we obtain : 

= i3[2] ; ppA^ = Cp] (3.13) 



3.1 K— supersymmetry 

Next we want to prove that with an appropriate choice of 05 , ae and a-j the action ()3.9() is invariant 
against bulk super symmetries characterized by a projected spinor parameter. For simplicity we do 
this in the case of the choice qa = qa = "^(^ > 1) Pa = "^(l j ~1) • For other choices of the 
charge type the modifications needed in the prove will be obvious from its details. 
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To accomplish our goal we begin by writing the supersymmetry transformations of the bulk 
differential forms V-, ^[2]j C[2]) ^"[4] and Cjgj which appear in the action. From the rheonomic 
parametrizations of the curvatures recalled in 1, we immediately obtain: 

5B[2^ = -2i [{Al + Al) eVar + (A^ + A^ ) l* T^i^V^ 
(^Cpi = 2 [(A^ - A^) e-r, V'* + {A\ - Al) I* Ta^V^] 

<5q4] = -^(eTofec - e* T^V'*) V^ + \ [Sp] 5Cy2] - Cy^] 5i?[2]] (3.14) 



and 



5C^ = gi q4] 6F[2] + 92 ^[2] ^(^'4] + '^C'fe] 
= ^('^q6]+'^q6]) 

= -l={A\ + Al)-eTa^r + -|(Ai+A2)e-*r^V^^ + 

+20 V2 6C[^^ F[2] - 40 V2 q4] 5F[2] (3.15) 

Note that in writing the above transformations we have neglected all terms involving the dilatino 
field. This is appropriate since the background value of all fermion fields is zero. The gravitino 
1-form il) is instead what we need to keep track of. Proving K-supersymmetry is identical with 
showing that all il) terms cancel against each other in the variation of the action. Relying on 1)3. 14|) 
the variation of the W.Z.T term is as follows: 

6{uF A F A F + as q2] A F A F + C^^] A F + aj qg]) = 

= 3uFF6F- F F 6^2] + {92 - 9i)a7 F 5C[^^ + a, bC[^^ (3.16) 

for as = , ae = -9x0-1 , 9i = -40\/2 and 52 = 20\/2 . 

And with such a choice the complete variation of the Lagrangian under a supersymmetry transfor- 
mation of arbitrary parameter is: 

6C = 6C^ + 6C^* 

= {h-'f {eji ij) + (/i3 + /U4 FF^') {t 7* tp) + 



+{91 - 92)^ F"'^^ {eikimi^) + aj (6* 7^' ^)] 



3 

5C^, = [- 5! i {h-^y^ (e* 7i ^ ) + (^1 + f^2 FF^') (e 7^ V) + 

-(51 - 92)'^ F^'"^' {t jMmr) + ay ^5 {ei' ^ )] (3.17) 



where 



fii = -AA\ia3{A\ + Al) ; fi2 = 4 [-3 i (A^ + A^) - ^ 51 07 (A^ - A^)] 
^3 = -44!ia3(AL + A2) ; /X4 = 4 [-3z.i (Ai + A^ ) - ay (Ai - A^ )] 



(3.18) 
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Recalling eq.s (|3.5|) and (|3.3(1 the above eq.s H3.18() become: 



Ml 



-5! i . ^4 



where we have chosen: 



16 



16 



(3.19) 



(3.20) 



In the above equation we have introduced the complex kinetic matrix which would appear in a d = 4 
gauge theory with scalars sitting in SU(1, 1)/U(1) and determined by the classical Gaillard-Zumino 
general formula ^ applied to the specific coset: 



AL - 
Ai +A2 



ReAA = Co 
ImAA = e""^ 



(3.21) 



It is convenient to rewrite the full variation 1)3. 17|) of the Lagrangian in matrix form in the 2- 
dimensional space spanned by the fermion parameters (e , e*) : 



5C = 5C^ + 5C^* = (e, e*)^ 



r 



(3.22) 



-5! i7p - 20v^a7 f''''"^ hj^ -y^i^ 



V2 



ay e.^ 1^) hjp 



-5! zip + 20^2 ai f'''"^^ hjpj^lr, 



(3.23) 

where A = Ap Jlj'gj , and e* A A e*^ A A = e^-^'^'^Pfijf ^ denotes the quadruplet of five-volume 
forms 

The matrix Ap is a tensor product of a matrices in spinor space and 2x2 matrices in the space 
spanned by (e , e*). It is convenient to spell out this tensor product structure which is achieved by 
the following rewriting: 

Ap = h-fpm+f2 F^'"^' hjpjkim(^a3+f3 e^r^hjp^,®ai+{Ul'hjp+h e"^ FF"' l^ hjp)®a2 (3.24) 
where : 



h = -5!ip ; /2 = -20^207 ; h = -5!ip ; h = -j^i^re^ ■ h = -30i^/2a7 (3.25) 



and: 



~i — Imnpgi . pklmp _ I p. . Jjklmp . (J7p\.. = ^c--, 

now using the solution of the first order equations already determined in jlj, namely 



1 , plm ppq (3 26) 



hi] = {l-^F7]Fr]) Idetfrj-j^F 



'1/2 



(3.27) 



^For a general discussion of the Gaillard-Zumino formula see for instance |12| 
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or, in more compact form: 



h = (r/ 



det ( r/ - - F 



-1/2 



(3.28) 



we can set 



F = VimAAF 

p = e2 



(3.29) 



and we obtain: 



= e^^^e-'t'iFh-y^hjp = F' 

pklmp = gf ^ 



xklmp 



e-2{FF)ij = e2 {FF)ij (3.30) 
This observation further simphfies the expression of which can be rewritten as: 

Ap = e2 [zijp0l + Z2 F hjpjkim^cTs + zs {F Ff^ji hjp^a2 + Z4Fp-fi®cri + z^j^ hjp0a2] (3.31) 
where : 



zi = fi ; Z2 = f2 ; ^3 = /s ; = /a ; 2:5 = /4 



(3.32) 



We introduce 



~ klmp 

F Iklm 



-1^"^ Fii 
2 ' ^ 



(3.33) 



and we obtain 





Ap = 6 2 [zi 7p ® 1 + zaH^^)-'' hjp ^3 + Z3n(2)i /i^.p + Z4U^^'> (g) ai + z^-f^hjp ® 0-2] (3.34) 

Just as in the case of the D3-brane discussed in the proof of K-supersymmetry can now be 
reduced to the fohowing simple computation. Assume we have a matrix operator T with the 
fohowing properties: 



[aj 
[b] 



TAk = Ai 



It follows that 



is a projector since = P and that 



P = -(1 - r) 
2^ ^ 



(3.35) 
(3.36) 



PAk = -{l-T)Ak = 



(3.37) 
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Therefore if we use supersymmetry parameters {k,k*) = (e,e*) P projected with this P, then the 
action is invariant and this is just the proof of K-supersymmetry. 
The appropriate F is the following: 



1 



r = ^[(^^[6] + ^^[2]) <^ (^2 + iu^lA] + 



Ulu 



where: 



a;[4] 
N 



and the coefficients are fixed to: 



ijklmn 
"6 1 lijklmn 

ijklmn p 
"4 fc J^ij iklmn 

ijklmn p.. p,,p 
"0 t ^ij ^kl ^mn 

a2e'^''"'"FijFknmn 

, , „, 1/2 

det 



(i±f) 



0-3] 



(3.38) 



(3.39) 



6! ' 



04 



2 4! ) ^0 



48 ' «2 



16 



(3.40) 



This choice suffices to guarantee property [a] in the above list. An outline of the details of the 
calculation leading to such a result is given below. We have: 



1 

iV2 L' 



^[6] + ^[2] + "^[6] ^[2] + '^[2] '^[6] + '^f4]'^fo] + 2w[4]<^[0] 



1 

iV2 



2 2 
■^[6] + ^[2] 



[4]"^[0] 
^[0]'^[6]] ® 0-2 



2x2 



2 2 



1 



2x2 



and by straightforward manipulations we obtain 
o^fg] = -(06)^(6!)^ 

4(a2)' 



2 

0^(4] 



CO 



[2] 



aia2 -a3a4 7"^"'"'"' - 2(4!)^ (a4)'rr(F^) 

2 rT-.„/£n2\Tn„/£i2\ OT^„/'77'4\" 



^[6]^[2] 

Using the following identities on determinants 

1, 



9«o«4 ~ ^^^"'^ [rr(F^)Tr(F^) - 2Tr(F^ 

-2(6!)a6a2^aia2-Fa3a4 7"^"'"'"* 



1 



1 



det (^1 ± = 1 - ^Tr{F'^) + ^ ^Tr{F^)^' - ^Tr{F^) + det (F) 



and 



det (F) 



Tr{F'^ 



+ 



_ paia2 pa3£i4 i^ci^aQ 



Tr{F^) Tr{F^) 
,2 



[0] 



FFF 



ab 



hi' 



010203 04 05 06 



piciia2 ^0304 pa^aQ 



) lab 



-4a;rni 1 



[0] -"-aft 



(3.41) 



(3.42) 

(3.43) 

(3.44) 
(3.45) 

(3.46) 
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that are just consequences of F = —F^ being antisymmetric property [a] is proved. 
Let us now turn to supersymmetry, namely to property [b] : 

TAp = Ap (3.47) 

We need to calculate the products of the matrices lv^^ {i = 6, 4, 2) defined above with the gamma 
matrix structures appearing in the matrix Ap. Explicitly for tjjg] and omitting the simbol " " " we 
find: 



^^[6] la = 


5! 


la 




3! 
2" 




= 


i 

5! 




w[6] n^l) = 


i 

5! 






r 





(3.48) 

while for a;[4] we obtain 

"^[4] Ibi ^, /aia2a3a46i 61020304 ( 

'^Wnfl) = -^^^0304^^050^ 7''"^™^ -SF^s'^F^^''^^,^,^,^ -3Tr(F2)7^4 +Q(^jry.^^^h 

a;[4]nf^) = ^^01020304(^^)^/^7"^™'^ - ^i^aia2a304(^)"^'^7~* 
^ TTfe2 — i_ P Z?. ^2 ^aia2a3a4fei i J_ 770506 poiba ^ 

[4]-'-''(3) ~ ^, -1^01020304 ^61 7 -|^2 Toiosoe 

5! 

W[4]7' 



= -Fb,fe5 7''''*'''^' + 5!F^'^'"'7b5 (3-49) 



and finally for wp] we have: 
^[2]7fei = ^(i^)oia2 7r' - 7(^K-2 7° 



4 

nj^) = ^(FF)oio2 F'^"'"'"^ 7,X63 " i ^ (^)«i«2 i^'^^''^''^''^ 7,"2',3 " i ^ (^)»i«2 i^'^^"^'^'* 
u;p]nj|) = 1(FF),^,,F^^''^7,7^ - 1(FF),^,^(FF)''^''^7'^^ 

= 1 {FF)a,a, F"^"- 7,"/^ + ^ [i^ (i^)]'^ 02 7"^ 

^p]/'' = -^^(FF)ol«2 7''^'^^''« (3.50) 

With these relations we determine the values of the parameter 07 = i from the supersymmetry 
relation [b] (|3.35|) and the projector (|3.38|) . 

4 Outlook and conclusions 

In this paper we have applied the new first order formalism for p-brane world volume actions 
introduced by us in to the case of 5 branes. The motivations for such a calculation were already 
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discussed in the introduction and are not repeated here. We recall the essential features of the new 
formalism that we have adopted and that allows to reproduce the Born-Infeld second order action 
via the elimination of a set composed by three auxihary fields: 

• nf 

• h^^ (symmetric) 

• (antisymmetric) 
Distinctive properties are: 

1. All fermion fields are implicitly hidden inside the definition of the p-form potentials of super- 
gravity 

2. K-supersymmetry is easily proven from supergravity rheonomic parametrizations 

3. The action is manifestly covariant with respect to the duality group SL(2,M) of type IIB 
supergravity. 

4. The action functional can be computed on any background which is an exact solution of the 
supergravity bulk equations. 

Of specific interest in applications are precisely the last two properties. Putting together our result 
we can summarize the D5 brane action we have found as follows: 

^ ,UfV'-nabv'^' A A . . . A ee,...e, - —^=Ufu'^Vg^h'^ e^i A . . . A e^,...^ 



1 



det ( + T 



1 



' e^i A . . . A e^i. 



where: 



+ a a . . . a Ci.fo ^ 

--zReATF A FA F^^ip^A^ A FA F + 40iq4] A F+^iq^C^^-^ (4.1) 



F = F[G]+ga^" 



(-B[2] - ZC[2] , B[2] + ZC[2]) 



Qa = -^{p + iq , p - iq) 
1 . ■ 

Pa = -y=[r + IS , r - IS) 

1 = qaPpe'^f^ (4.2) 

In the particular case of q\ = {1,0} that implies Qa = ;^(1,1) and j3a = {0,1} that implies 
Pa = 72(1' -1) we have: 

•^ = i|f^ = ^e-^ + qo] (4.3) 
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As many times stressed, our specific interest in the above action is given by its evaluation on 
the background provided by the bulk solution found in |2j which describes a Z)3~brane with an 
X ALE transverse manifold and a 2-form flux trapped on a homology 2~cycle of the ALE. 
Combining this with the world volume action of a D3-brane obtained in |Tj we will finally obtain 
the appropriate source term of that exact solution which was so far missing. Alternatively by 
expanding ()4.1|) for small fluctuations around the same background we can use it as a token to 
explore the gauge/gravity correspondence. The key point is to reconcile this with the fact there 
is no running dilaton in the bulk solution of pj|. This will achieved by an appropriate choice of 
the charge vectors and p\, thanks to present manifestly S'L (2, i?)-covariant formulation. Such 
applications are postponed to a forthcoming paper. 
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A Rheonomic parametrization of the type IIB supergravity cur- 
vatures 

In order to obtain the supersymmetry transformation rules used in the text one needs the rheonomic 
parametrizations of the curvatures. For simplicity we write them only in the complex basis and we 
disregard the bilinear fermionic terms calculated by Castellani and Pesando. We have: 



= 

(A.l) 

+fermion bilinears (^-2) 

7i:p3j = ?i:^y^^Ai/^Ay^^ + A^v;*r^A*T/^^Ay^ + A^^ToiAF^AT^^ (A.3) 

.F[5] = Fa^-a^^ A . . . AV^ (A.4) 

V\ = VaXV^ + iPgT^r - ^ir^^V;6»^A^<_,3 (A.5) 

Vk% = KtPgy^ + (A.6) 

PA° = K^PIV^ + (A.7) 

^afe = R-^^V^ A + fermionic terms (A.8) 

= J-e^^^lH^^l^W^y^A...AF^+... (A.9) 
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(A.IO) 



B SL(2,R) and SU(1,1) covariant formalism for D-branes 

We define a two component vector for the fields B^2] ^^id Cpj: 

A'' = {B[2],q2]) (B.l) 
The variation of this vector and J\f under SL{2, R) are : 



(B.2) 



_ sAT + r _ sq (Cg)] + e-^^) + {sp + rq) + rp + i 
^ ~ qM + p~ q'{Cl,+e-^'l>) + 2qpC^o.+p^ ^ ' ^ 



We can see that there is a subgroup of SL(2,M) that leaves invariant the Lagrangian. 
If we take the element : 

^"(r i) 

we obtain for D3-brane (we have the same results for D5-brane) : 



(B.4) 



^'[2] = B[2] > C[2] = r-B[2] + C[2] 

AA' = + r 

Im{M') = Im{M) , Re{M') = Re{M) + r (B.5) 

^tCb.i = 

^W.z.T = -f^ [Re AA + r] 5[2] A S[2] + i i [C[2] + rB^2]] A 5[2] + 6i = Cw.z.T (B.6) 
this is a one-parameter subgroup of SL(2,M) 

Now we introduce e covariant formalism for SL(2, M) covariance; in particular we introduce two 
vectors gA and p\ that transform in the fundamental representation of SL(2,M). In analogy with 
ipi hi in field theory, where hi is a fix vector and ^pi is a scalar field in the fundamental representation 
of SO(N), to do this we replace in the Lagrangian : 

C^2]^PkA'^ (B.7) 

where is definite in ()B.1|) . 

The vectors and p\ have this general form : 

?A = {P, q) 

PA = {r,s) (B.8) 
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with the constrain : 

QAPJ^e^^ = 1 (B.9) 

This is actually the condition that the determinant of a general element of SL(2,M) is equal to one. 
We have in total only three real parameters but as we will see in the SU(1, 1) formalism one of 
those is connected to the invariance ()B.6|) . 

We must introduce also the covariant form of M, but, to do this, is suitable to pass at the SU(1, 1) 
formalism. We pass to SU(1, 1) formalism using the Cayley matrix : 

C% = 4s f ^ "M (B.IO) 



V2 \ 1 



and the inverse matrix : 



In this way we have that : 



C«A = (C-i)V = i=( I j (B.ll) 



qa = Ca^ QA 
Pa = Ca^ PA 
A"" = C"a 



(B.12) 



and : 

g« A^ = Cc.'' C° A = {C-Y a C'^ A = gA A"" (B.13) 
From dEI}, (jnH), (lBl2|l 

A" = E = ^ (5[2] - iq^] , B[2] + ^q2]) 

qa = -^{p + iq, p-iq) = -^{qi,ql) 

Pa = -^{r + is , r - is) = ^{pi,pl) (B.14) 
The vectors and p\ transform in the fundamental representation of SL(2,R) as : 

qA = q^u A 

pa=pj:U''a (B.15) 

and in the formalism of SU(1,1) the vectors qa and Pa transform as : 

q'a = (C-'f a = 'ZA E {C-'f a = qf,C\U''^ (C"^)^ „ (B.16) 

SO the relation between SU(1,1) and SL(2,R) is : 

„ = C/^ s {C-' f a = {CU C~'f „ (B.17) 

f 1 ( ^ ^ ^ -- ( + + p-ir-iq-s \ ig-j 

2\l i J \ r s J \ i —i J '^\p + ir + iq — s p + ir — iq + s J 
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The property ()B.14|) is invariant under SU(1,1), in fact : 



/ 



J* 



Qi = it {U' iT + 12 {U' iT = it {U' lY + qi {U' lY (B.19) 

on the other side we have that q'2 = qi [U^ 2) + Q2 {U"^ 2) = Qi {U^ 2) + {U"^ 2) and so if we want 
that q2 = q'l we must have that (C/^ 1)* = 2 and (U^ lY = U"^ 2-, but this is exactly the property 
of SU(1,1) how we can see in ()B.18|) . 
The Levi-Civita tensor becomes : 

and it is very simple to verify that the constrain now is : 

Q„p^e"^ = l (B.21) 
The covariant formulation of the matrix is: 

The condition HB.21|) says that 



ps-qr = l (B.23) 



Now we can see some examples. 

If p / 



« = i + ^ (B.24) 
P P 

and so 

If 1 qr 1 qr\ i \ ^ ^ r 

Pa = —^{r + i- + i — ,r-i t — \ = — ^(1 , -I) + -qa=Pa + -Qa (B.25) 

V2 \ p p P P J pV2 P P 

The M matrix became _ 

and it is very simple to see that the parameter r disapperaes from the Lagrangian, infact it is the 
parameter of the invariance HB.4|) . How we said before only two parameters {p and q in this case) 
are independent and produce SL(2,M) covariant Lagrangianes. 
• If p = 

q^ = 1^(1,-1) (B.27) 

Pa = ^{r + is,r-is) (B.28) 
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from (|B:2T|> or 1^1^ 



(B.29) 



and 

1/1 1 \ is I s _ 

Pa = ^[ is] = -^{1, -1) ^(1, l) = -qa+Pa (B.30) 

The M matrix now is _ 

q qpK^_ q q ^ 

and 

qaA" = qCi2] 

PaA" = -^Bi2] (B.32) 

In this case the invariance parameter is s, the only independent parameter is q and the Lagrangian 
is that we can obtain with the duahty: 

"=(-io) 

At this point we can ask to ourself what is the relaction between p ^ and p = 0. If we start from 
the SL(2,R) vectors q^ = (1,0) and = (0, 1) we can see that the stabihty group of is T of 
dEll) : 

Pa = (0,1)(^^ ° ^ =r(l,0) + (0,l) =pA + rgA (B.34) 

Now we transform and pA with the duahty U = D oi (|B.33|1 and obtain = (0, 1) and 
p'j^ = (—1,0), contemporary : 

r^E-(^-'TC/)^s=(^^ (B.35) 
this transformations are the stabihty group of Qa = (0, 1), in fact : 

'z; = (o,i) ^ =(0,1) 

Pa = (-1,0)|^^ "'^ ^ = (-l,0)+r(0,l) =pA + r^7A (B.36) 

but as you can see in HB.38|) q'j^ = (0, 1) — > = "^(1, ~1) and p'a = (~1)0) ^ Pa = ~"^(1' 1) 
when we pass to SU(1,1) formahsm, and so IB.36I become exactly the relations HB.27|) . HB.30|) if we 
take = 1. 
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B.l Particular choice of Qq, and pa 

o For : 



we have : 



o For : 



we have 



and 



gA=(l,0) ^g, = gA(C-y a=-^(l,l) 
PA = (0,1) ^Pa=PAiC-Y a = ^il,~l) 



PaA"" = C[2] 

q^ppe^f^ = 1 (B.37) 



9A = (0,1) ^g^ = -!=(1, -1) 

PA = (-1,0) ^p„ = -^(l, 1) (B.38) 



QaA"' = C[2] 

PaA^ = -B[2] (B.39) 
^f Moual = -\-r (B.40) 



ImiMoual) = , ^2 



e-'f> + Cpo] e-«^ 

ife(A/^w) = - ^.;*'gg^, (B.41) 
B.2 Invariant Tensors under SU(1, 1) 

The invariant tensors under SU(1, 1) are the metric r/"'^ and the tensor e"'^, in fact : 

U^eU = e (B.42) 

U^r)U = ri (B.43) 

(B.44) 



where we defined 

0-1 \ -i 



V-^= r ' e-^= \ ' (B.45) 
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In the SU(1, 1) formalism the scalar product is : 



q Pa 



m\ 



ml 



A*^rj"''qf3 

we have introduced the vectors qa, Pa, and the form A" and so the vector A^ is : 

Aa = riapA*'^ 

C Notations and Conventions 

General adopted notations for first order actions are the following ones: 



(B.46) 



(B.47) 



d 
D 
V- 

nf 

Vab 



dimension of the world- volume Wd 
dimension of the bulk space-time M d 
vielbein 1-form of bulk space-time 
D X d matrix. 0-form auxiliary field 
d X d symmetric matrix. 0-form auxiliary field 
vielbein 1-form of the world-volume 
diag{-|-, —,...,—} = flat metric on the bulk 

D—l times 

diag{-|-, —,...,—} = flat metric on the world- volume 

d—l times 



(C.l) 



The super symmetric formulation of type IIB supergravity we rely on is that of Castellani and 
Pesando that uses the rheonomy approach ^U]. Hence, as it is customary in all the rheonomy 
constructions, the adopted signature of space-time is the mostly minus signature: 



rjab = diag < 



The index conventions are the following ones: 



+, 



(C.2) 



9 times 



a, b, c, . 



i, j, k, . 
A,B,C,. 

A,s,r,. 



0, 1, 2, . . . , 9 Lorentz flat indices in D = 10 

0. . . . , d Lorentz flat indices on the world- volume 
1,2 SU ( 1 , 1 ) doublet indices 

1,2 0(2) indices for the scalar coset 

1, 2 SL(2, R) doublet indices 



For the gamma matrices our conventions are as follows: 



(C.3) 



(C.4) 



(C.5) 
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The convention for constructing the dual of an £-form to in D-dimensions is the fohowing: 

c^ = t^n^^^A...AF^ ^ ^LJ = e ax...a^.,fei...fe, c^^^^ A ... A (C.6) 

Note that we also use £-form components with strength one: u; = A ... A and not 

with strength £\ as it would be the case if we were to write uj = jiU>i-^...ii ^— A ... A V'^ When it is 
more appropriate to use curved rather than flat indices then the convention for Hodge duality is 
summarized by the formula: 



* {dx^'^ A... dx''-) = (^o_^^; g^'"' • • • G'^"""epi...pio-„^'i...^'n dxP' A . . . dx"!"- (C.7) 
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